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1. Derivations

While the following derivations may look complex on a first glance, they require only standard (multivariate) calculus. We
use the numerator layout notation' for all derivations.

Please also note that all derived formulae can be computed efficiently and implemented compactly (Matlab code for learning
and inference is available on the authors’ webpages).

We derive the iterative update equation for the image variables x in Eq. (6) of the main paper as:
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As in the main paper, convolution is denoted by Fx = [fTx(¢,),...,fTx )T =f @ x = F~Y(F o F(x)). The optical
transfer function F = F(f) is derived from filter (point spread function) f, where J denotes the discrete Fourier transform
(DFT). Note that division and multiplication (o) are applied element-wise in Eq. (8); F* denotes the complex conjugate of F.

The last step is possible since K and the F'; are block-circulant matrices with circulant blocks as they correspond to convo-
lutions with circular boundary conditions. Consequently, they are diagonalized by DFTs, allowing element-wise operations.

Lef. http://en.wikipedia.org/w/index.php?title=Matrix_calculus&oldid=57669198 7#Numerator-layout_notation.
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1.1. Boundary handling

To reduce boundary artifacts, which may arise due to using convolutions with circular boundary conditions, we use padding
of the input image. Specifically, we first take the input image x € R” (of width w and height h with D = h - w) and replicate
b pixels of its boundary on all sides by multiplication with the sparse “padding” matrix P;>. In image denoising, b can be
freely chosen (we use b = 10); for deconvolution b = (r — 1) /2 with square blur kernel k € R™ of size rxr pixels®.

For deconvolution we additionally apply “edge-tapering” to the padded input image P, x so that it better matches the assump-

tions of applying convolution with circular boundary handling. In particular, we applied « iterations of Matlab’s edgetaper
function (where ayy is a weighting vector based on k), which can be formalized as

edgetaper(x,k) =axox+ (1 — ak) o (k®x) )
= diag{ak }x + diag{1 — o } (Kx) (10)
= (diag{ox} + diag{1 — i} K)x (11)
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Performing w iterations of edge-tapering can thus be expressed by multiplication with the matrix Ey, = diag{ oy} +diag{1—
oy MK raised to the u™ power. (For denoising, E} = Iis set to the identity matrix.)

We denote the boundary-padded and possibly edge-tapered input image as x° = E{P;x, and as X® the output image where
the padded boundary region has not been removed yet. Consequently, we use the following minor variation of gg(x) (Egs.
(10) and (11) of the main paper) in practice:

F(XKTy + X0 F o, (Fix”))

o(x)=T, F ! - - —— (13)
50 (%) MK oK+ 3N FioF,
N -1 N
=T, [MNK'K + Z F|F; [/\KTy + Z F) fx, (Fixp)] (14)
=1 =1
Q-1 n
= T,%xB. (15)

The uncropped output image is given as X® = Q7. To obtain an output image X = geo (x) with the same size as the input
image x, we remove the padded boundary region by multiplication with the sparse (“cropping”) matrix T',.

It is important to note that padding, edge-tapering, and cropping can all be expressed as linear transformations, which allows
us to easily compute gradients of the transformed images. Furthermore, please note that for inference and learning (Sec. 1.2),

the convolution matrices K and F; are never explicitly constructed (also applies to KT and F[), since all matrix-vector
products can be efficiently computed through convolutions.

1.2. Learning

In the following we use ge (x) with boundary handling as defined in Eq. (15).
Recall from the main paper that given training data {xéf)7 y®) k()19 welearn all model parameters ©; = {\;, 4, fi; }1¥,
greedily stage-by-stage fort =1,...,7 via
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2In Matlab, Pyx = reshape (padarray (reshape (x,h,w), [b,b], 'replicate', 'both'),D,1).
3Square kernel only assumed for simplicity here.



To that end, at each stage of greedy learning J(©;) we need to compute Eq. (16) and its gradient M ; for joint training
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J(®1,...7) we need to compute Eq. (17) and its gradient [

1.2.1 Gradient of loss function

We can address one training example at a time since the gradients of Eqs. (16) and (17) decompose into sums over training
examples. The gradient w.r.t. the model parameters of the last/current stage can be computed as follows:
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For joint training we additionally require gradients w.r.t. the model parameters of previous stages. The gradient w.r.t. the
second-to-last stage is obtained as (t > 2)
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where f,r“ (FuxP ) = % (cf. Sec. 1.2.2). Note that the form is the same as of Eq. (20), which means we can

apply this recursively to compute gradients for earlier stages (t > 2,s =1,...,t —1):
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Note that jointly training T stages only takes approximately 7" times as long as training a single stage.

1.2.2 Gradients for specific model parameters

Now that we have derived the generic gradients for the given loss function, we need to derive the specific gradients w.r.t. the
actual model parameters ©; = {\;, 7, fi; } 7, at all stages t.

Regularization weight \. We define \; = exp(S\t) to ensure positive values of A\; and learn S\t via its partial derivative
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Shrinkage function. Recall that the shrinkage function is modeled as a linear combination of Gaussian RBF kernels:
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Concerning vector-valued inputs v = [vy,...,vr]T to the univariate shrinkage function, please note that
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For practical purposes, we not only precompute and store in a lookup-table (LUT) the shrinkage function f(v) for all
(sensible) v, but all its derivatives that are required for learning the model, which are quickly retrieved from the LUT via
linear interpolation.

Concretely, the relevant gradient of the shrinkage function weights is computed as
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where is a matrix, which contains in each row the derivatives w.r.t. all M entries of vector 7r;; for

Filter. We define each filter of size mxn w.r.t. a basis B € R"™"*V a5 f = Bf and learn the entries of f € RY. We follow
Chen et al. [ 1] and choose DCT filters for B, omitting the DC-component to guarantee zero-mean filters.

First, it is useful to denote f ® x = Fx = (f"[x]c)" = [x]1f, where [x]¢c € R™"*P is a matrix of all cliques C of x € R”
that filter f is applied to. Then, we can differentiate the convolved image w.r.t. the filter coefficients f as follows
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The gradient of the loss w.r.t. the filter coefficients is derived as
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To avoid duplicating degrees of freedom, in practice we learn filters with fixed unit norm f = % = Bf- (fT(BTB)f) -2

To perform learning for these normalized filters, it is again useful to first derive

aFX 8 Toe =T T N\ —1/2
— = —[x|,Bf - (f (B'B)f 50
oF af[ Je (F7( )f) (50)
_ o 1 - o _
= xTB- ((fT(BTB)f) V2ot 5 (T (BTB)) 3/2 ~2fTBTB) 1)
— |BF|~" - (1B - [xJZBE - [BE| ! |BE| - FTBB) (52)
= |Bf|| 7 - (IIB - [x]If - £7B) (53)
B
= (KT —Fx-£T) — 54
( ) [Bf]|
to then derive the gradient of the loss w.r.t. the filter coefficients
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where we can re-use most of our previous derivation (Eq. 49).

2. Proof of Lemma 1

Lemma 1. For any function f : R — R and € > 0, arg min, f(z) < argmin, (f(z) — €z).



Proof. If e = 0, Lemma 1 is trivially true; hence assume € > 0 from now on. Let

9(2) = f(2) — ez,

Zp = argmin f(z),

Zy = argmin g(2),
z

then the inequalities

hold. Combining above two inequalities proves the Lemma:
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= f(z) —ezp > f(2f) — €
= —€Zp > —€Zy
= 2f < ﬁg
= argzmin f(z) < argzmm (f(z) —€2)
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